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B-Spline Curve B-Spline Curve |] |

@ Curve is defined by n+1 control points and the order ( k ) of the curve.

b The curve has an advantage that it has local propagation unlike global
propagation properties of Bezier curve. i.e. Non global —each vertex B; is
associated with unique basis.

# Each vertex affects the shape only over a range of parameter value where
its associated basis function is nonzero.

# B spline basis also allows the order of basis function and hence the degree
of resulting curve can be changed without changing the number of
vertices.

@ The curve is made up of (n-k+2) segments.

@ Only k control points affect any segment of the curve.

B spline curve is given by
n+l
r0O=> B N, (© L <1 S
i iy
i=1 2<k<n+1
B- Position vector of n+1 defining vertices

N, Normalized B-Spline basis function

For it normlized B-Spline basis function of order k (degree k-1) the basis

function N; (t) defined as: (cox de-boor formula)

Lif x,<t<y,,
N; 1([) _ Xi . Xin
’ 0, otherwise
and

(t ‘x,)N,‘H(’) +(x;+/._t )qu.fl(t)

N..0O=
Xivka ™ Xi Xirk ™ Xint

X; are elements of knot vector where x; < x,,,

The function p(t) is polynomial of degree k-1 on each interval
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B-Spline Curve

Input to B-Spline Curve

15t point, py = (Xo, Yo, o)
d oo B
2™ point, p; = (Xy, Y1, 21) Equation for B-Spline curve of four defining

| vertices and order k=3 will be:

n'" point, p, = (X, Yo 2,)

p(t)= Nl,sBl + Nz,sBz + Ns,sBs + N4,334

Order of curve = k

The basis function dependencies for N, ; are as:
Knot vector
N1,3 NZ,3 N3,3 N4,3

Ny, N, N3, Ny, Ns

B-Spline Curve

0‘ Each basis function is positive or zero for all parameter values, i.e., Ni.k > 0
#® The sum of the rational B-spline basis for any parameter value tis one,
ie, p+l

XN, ) =1

i=1
Except for k=1, each basis has precisely one maximum.

B-spline curve of order k (degree k-1) is c“2 continuous everywhere.

& @ @

The maximum order of B-spline curve is equal to the number of defining

polygon vertices.

@

B-spline curve exhibits the variation diminishing property.

*

B-spline curve generally follows the shape of the defining polygon.
@ P(t) and its derivatives of order 1,2,------ k-2, are all contains over the

entire cure.

Fl
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B-Spline Curve Linear Segment in B-Spline Curve

@ B-spline curve lies within the union of convex hulls formed by k

successive defining polygon vertices.

@ Convex hull property of B-spline curves is stronger than Bezier Curves.

—— Cilinenr polygen vensoss
.

b Culinear surve segmen
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B-Spline Curve B-Spline Curve: Knot Vectors |]l |
If at least k-1 coincident defining polygon vertices occuri.e ., Fundamentally three types of knot vector are used:
B, =By soooerrieerennne By, then convex hull of B; to B, , is the vertex itself, Uniform, Open uniform, Non-uniform
Hence the resulting B- spline curve must pass through the vertex Bi. In a uniform knot vector, knot values are uniformly / evenly spaced
o 1 2 3 4]
[02 01 0 0.1 0.2]

In practice uniform knot vectors begin at zero are incremented by 1 to some
maximum value or normalized in the range betweenOto 1. i.e.,
[0 025 05 075 1.0

For a given order k uniform knot vector yield periodic uniform basis
function for which

NiO=N ,t-D=N,-D

X=[0 1 2 3 4 5 6],n+1=4,k=3
| W MG Mg o |
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B-Spline Curve: Knot Vectors B-Spline Curve: Knot Vectors |@

The resulting open uniform basis function yields a curve that behave

An open uniform knot vector has multiplicity of knot values at the ends
equal to the order K of B-Spline function. nearly like Bezier curves.
" Internal knot values are evenly spaced, e.g. )

‘When number of defining polygon vertices is equal to the order of the

k=2 [0012344] X=[0 0 0 1 2 2 2],n+l=4,k=3 B-Spline basis and a open uniform knot vector is used the B-Spline basis
k=3 [00012333] 1 is reduces to the Bernstein basis, hence the resulting B spline curve is a
k=4 [000012222]

Bezier curve.
or for normalized increments
k=2 [00% % % 11]
k=3 [000 %%111]
k=4 [0000 % 1111]

In that case knot vector [0 000 1 1 1 1] with four polygon vertices
results in a cubic Bezier Curve. " B,

Formally an open uniform knot vector is given by

1<i<k
k+l<i<n+l
n+2 <i<n+k+l
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B-Spline Curve: Knot Vectors |E]

Non uniform knot vectors may have either unequally spaced and/or
_ multiple internal knot values, they may be periodic or open. e. g.
T 00011222]
[012234] Basis function for n+1=5, k=3 .
[00.280.50.72 1] . . Ny i=123.4

Calculating Periodic Basis Function |@

Calculate four third order (k=3) basis function

Here n+1, the number of basis function is 4, and curve is

vor]
L w IV
3 )%XA p(t)zNuB]+Nz,3Bz+N3.3Ba+N4,3BA

iy g T The basis function dependencies for N, ; are as:
[x]=[00012333] [x] =[0000.42.6333]

18 N1,3 NZ,3 N3,3 N4,3
/] N |

5 3 \ )( \ / “‘- ;‘ Ny, N, N;, N Ns,

Ny, Ny 1 N3, Nas Ns Ne 1

[X]=[000 1.822333]

[x]:l[0001:1333]. I[x]:[00022333]
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Calculating Periodic Basis Function || l'l Calculating Periodic Basis Function |] l'i
1, X <1< Xin The basis function for various parameter ranges are:
N,y (@ni= R S
“ 0,otherwise 0<r<l1
Now knot vector range needed: Nu=1, N, (=0, izl
( ) © ) ® N,(@0=t, N,(0)=0, izl
t=XINo® (X —t)Nia 2
= - - t .
N.® Kivir X " Xiek ™ Xint N”(I):E’ Ns()=0, izl
Equation shows that calculation of Ng, requires knot values X, and X, 1<t<?2
while cal-culation of N, , requires x; and x,. Thus knot values form 0 to n+k N, (=1, N,(H)=0, i#2
are required. > . .
Number of knot values is thus n+k+1. Hence the knot vector: NL@O=2-0. N,()=@-1) N;,(=0, i=1.2
t 3¢
[x]: [0 1 2 3 4 5 6] Nl,z(t):i(zft)Jr[Tj(t'l)a
Where x,=0, x,=1- - - - -x,=6 and Parameter and range is 0 < t < 6. N,(1) = (t—zl)2 . NL()=0, i%1,23
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Calculating Periodic Basis Function || l'l Calculating Periodic Basis Function |] l'i
2<t<3 4<t<5
Ny, ()=1, N, (1)=0, i=3 N5, (=1, N,;(1)=0, i#5
Npp(@)=B-0), Ny(1)=(=2), N,(@)=0, i#23 N ()=(5-0, N,()=(-4), N,@)=0, i#45
3-1) (=1)3-1)  (4=0)(t=2 G-0".
NL0=E20 Ny = 820, o), N0 =20
=-9)2 t=3)(5-1t 6-1)(t—4
Nn(t):%, N,()=0, i#123 N, (0= ( )2( ), 4 )2( );
3<t<4 N ()=0; i=34
Ny(=1 N()=0, i=4 55t<6
N () =(@4=1), No,@O)=@-3), N,(@)=0, i34 N, ()=1, N, (1)=0, i#6
4-1)? t—2)(4-t 5—t)(t-3 N,(t)=(6-1), N,()=0, i=5
N (=G0 N2 DD 503, s2(=(6-0, N, ()
2 2 2 (6-1)
_3)? N,,(t)=——"—, N.,()=0, 124
N, (=423 23) . NL()=0, iz234 5@ 5 i (1) i
Qctober 10,2017 L2x Zrashant K Jain (IITDM)) 146] loctober 10,201 ;. Prashant K. Jain (ITOM) 1471

ME601: CAGD, Curves-V



Dr. Prashant K. Jain October 10, 2017

Periodic Basis Functions I f'l Periodic Basis Functions |] l'i
= | =
HD ; vl |- PO W 1m
N, (6)=1 f Me N, (0=t T B S B
ACERR P STTE AN I N P 0<r<l | .
L 2 4 fi \ 2
N,0=l, 1<t<?2 i mw N () =@2-0), 1<t<2 ;.L e
Ny=l 2<r<3 0 TE AT i
: My N, () =(=1) 1<t<2
N, (=1, < [ 2 ; =t
a0 3<t<4 | m— I—! T N,=0G-0, 2<t<3 r" ! ¢
No=1 4<t<5 &
[ d n!’l\ + - — —
Na=1L 5<t<6 Yo 3 W g ) * ¢
I
I N, | N
J LT P - 4 u S
a) k) |
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Periodic Basis Functions || l'l Periodic Basis Functions |] l'i

Ny (0= 0<r<l | e Rt

t 3—t
=—(2- Iz - <
N|,3(t) 2(2 t)+( 5 j(t 1), 1 <t< 2

[

N,,;(t):%, 2<t<3 oL ._/:\\ F— I:. 2 '\ (R [l — 4 i , "
‘!‘ : ./Jn-\.\_;I il b m Moy i : : *

N,
L
i
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Calculating Open Uniform Basis Function || l'l Calculating Open Uniform Basis Function |I l'i
Calculate for (n=3) third order basis function (k=3) basis function N; ; )
i=1,2,3,4. with an open knot vector. The basis function for various parameter ranges are:
Open knot vector with integer intervals between internal knot values is 0<t<1
x,=0 1<i<k N3, (t) =1 N;,(t)=0 i#3
x; = ik k+l=1<i <n+l .
i N,,(t) =1t  Ng,(t)=t N;,(t)=0 #2,3
X; = n-k+2 n+2 < i< ntk+l 22(t) 3a(t) alt) &
N (t) = (162 N, 5(t) = t(1-t)+(2-t)t/2
Parameter range is 0 < t < n-k+2 , i.e., zero to maximum knot value N3s(t) =142 Nis(t)=0 i#z1,2,3
and number of knot values n+k+1
Therefore the knot vector is: 1st<2
[x]=[0001222] N, () =1 Ni,(t)=0 i#4
wh 5 %20 I . § ik N3,(t) = (2-t) N,,(t) =(t-1) N;,(t)=0 i#3,4
ere x,=0, X,=0 - - - - x,=2 and Parameter and rangeis0 <t < 2.
! ? 7 N, 5(t) = (2-1)%/2 Ng () = t(2-t)/2+(2-1)(t-1)
N, 5(t) = (t-1)? Nis(t)=0 i#2,3,4
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Uniform Basis Functions IE] Calculating Non-uniform Basis Function |@

Calculate the five (n+1 =5 ) third — order (k = 3) basis functions Nis (t),
i=1, 2,3, 4, 5 using the knot vector [X] =[00 0 1 1 3 3 3] which contains
an interior repeated knot value.

I\ _[uirxsis<x,
3 3 N.0= {O, otherwise
and
/ N No0= L ONw® 3= N

Xika ™ Xi Xk~ Xin
0<st<1
Ny (=1 N, (=0, i#3
N, (1) =1t; Ny, (t)=t; N,(t)=0,i#23
Ny 5 (t) = (1-4)25 N, 5 (t) = t(1-t) + (1-t)t = 2t(1-t);
Ny, (t) = t2; N, (t)=0,i#123

]
S
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Calculating Non-uniform Basis Function P l Calculating Non-uniform Basis Function |] ¢ |
/. Fl
1<st<1 [ 3 7< i
TN, (6)=0,alli 1
' ) N
N‘yz(t) =0,alli t T S NS
N, (t)=0,alli [X1=[00011333]
Notice specifically that as a consequence of the multiple knot value, N, , (t) = 0 for all t. L] 1 ?
[X1=[00011333]
1<t<3
N. (=1 N (t)=0, i#5 Notice that for each value of t the 3 N, (t) =1.0 . For example, with
5,1 g i1 g v
0st<1
N, ,(t) = (3-1)/2; N ,(t) = (t-1)/2; N,,(t) =0,i# 4,5 2N,_3(t>= (=) +21(1=t)+ £
N4 (t) = (3-1)%/4; = 1-2t+t242t-2t2482 =1
N, 5 (1) = (t-1)(3-1)/4 +(3-t)(t-1) /4 = (3-t)(t-1)/2; Similarly, for 1st<3
;) S 1 2 2
N, (t)= (t-1)2/4; N, (t)=0,1%3,4,5 2 N0 =313-1) +2B-0)(t-D+ (=1)
= [9-6t+12-6t+8t-2t2+1-2t+12] = 4/4 = 1
Qctober 10,2017 Lr Prashant K Jain (JIITDRM]) AT | [Qctober 10,201 Lr Prashant K Jain (JIITRMI) 157
Flexibility in B-Spline Curves || ¢ l Effect of varying order on open B-spline curve |] ¢ |

The shape of B-spline curve can be controlled by :
@ Changing type of knot vector and hence basis function
@ Changing order (k) of the basis function
@ Using multiple polygon vertices
@ Using multiple knot value in the knot vector

@ Changing number and position of defining polygon vertices
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Effect of multiple or coincident vertices

l| ¢ |
) Multiple vertices at B,, k=4
For k=4

1=[00001111]
{BlBZB3BA]

2=[000012222] st
[B, B, B, B, B, ] |

Mo multiple vemices. e

3=[0000123333]
[Bl BZ BZ BZ BZ BA] [

Local control of B-Spline Curves

Changing position of defining polygon vertices at By

¥

H}
.
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Derivatives of B spline curve at any point
(=3 BN, 0

P0=3 BN, 0

N (t):N,H(t)(t _XI)N' z,kfl(t) I (XM-_I )N x+l,k71(t)_N+l,k71(t)
v Xivka— Xi Xivk ™ Xiat

N’ @©=0

Derivatives of B spline curve at any point

ntl

p(n= Z B.N".®

Fl

N”m )=

Xirka1— Xi Xisk ~ Xin

N”,‘I(t)zo and N (1)=0 Forallt.

2N =) N"u i ® | = N"is©=2N i ®

for allt and for k=2 For k=3
L@ N0
" _ N i2 i+1,2
' Nil(t) N,1+11(t) N ‘730)_2( — - —
N, = : = : Xivk-1~ Xi Xiw ™ Xin
Xika ™ Xi Xk~ Xin
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Numericals: Calculating an open B-Spline Curve

Given B, [11], B, [2,3], B4[4,3] and B,[3,1] the vertices of a Bezier
polygon. Calculate both second and fourth — order B — Spline curves.

For k= 2 the open knot vectoris [001233]

Where x,=0,%,=0, ... , ¢ =3. The parameter range is 0< t <3.
The curve is composed of three linear (k-1 =1) segments.
For 0< t <3 the basis functions are :

0st<1

N,,(0=1; N, (=0, i#2

Np,(t)=14; Ny, (8) =t; N,(t)=0,i%12
1<t<2

Ny (=1 N, (t)=0, i#2

N,(t)=2-t; Ny, (t) =(t1); N,(t)=0,i%23
2<t<3

N, (D=1 N, (=0, i#4

N, ,(t) = (3-t); N, (t) = (t-2); N,,(t)=0,i%3,4

Numericals: Calculating an open B-Spline Curve

Using equation

In each case the result is the equation of the parametric straight
line for the polygon span, i.e., the ‘curve’ is the defining polygon.

il
pO=Y B,N,,® toin < 1S b 2<k<n+l
'The parametric B—Splinglcurve is
P(t) =By Ny ,(t)+B, N, ,(t)+B; Ny ,(t)+B, N, ,(t)

For each of these intervals the curve is given by

P(t) = (1-t)B, +tB, = B,+ (B, —B)t 0st<1

P(t) = (2-t)B, + (t-1)B; = B, + (B;—B,)t 1€t<2

P(t) = (3-t)By+ (t-2)B, = By + (B,—By)t 2<t<3

Fl
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Numericals: Calculating an open B-Spline Curve

The last point on the curve (t =t = 3) requires special consideration.

. Because of the open right — hand interval in equation

Lirx, <t<x.
Ny oni = K
0, otherwise

All the basis function N, ,at t =3 are zero. consequently, the last polygon
point does not technically lie on the B-Spline curve. However, practically it
does.

Consider t = 3-€ where € is an infinitesimal value.

letting €E50 shows that in the limit the last point on the curve and the last
polygon point are coincident.

Practically, this result is incorporated by either artificially adding the last
polygon point to the curve description or by defining N (t =t =1.0.

i)

Numericals: Calculating an open B-Spline Curve |

For k=4 the order of the curve is equal to the number of defining
polygon vertices.

" Thus the B-spline curve reduces to a Bezier curve. The knot vector
with t_ =n-k+2=3-4+2=1is[00001111].
The basis functions are:

0st<1
N, (t)=1; N, (t)=0, i#4
N ,(t) = (1) ; N, (t) =t; N,,(t)=0,i#3,4
N, 5(t) = (1-4)%; Ny, (t) =2t(1-t);
N, 5 (t) = 12; N;(t)=0, 1£23,4
Ny 4(t) = (1625 N, , (1) = t(1-t)2 +2t(1-t)%= 3t(1-1)%;

Ny, (1) = 28(1-t) +(14)2= 32(11); N, (t) = t5

Ocioher 10,201 L% Prashant K. Jain (IITDM]) 167
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Numericals: Calculating an open B-Spline Curve

Using equation ntl
PO=D BN, O by <t<ty  2<ksn+l
T i=1
The parametric B-Spline curve is
P(t) =By N, ,(t)+B, N, ,(t)+B; Ny 5(t)+B, N, ,(t)
P(t) =(1-t)°B, +3t(1-t)’B, +3t3(1-t)B, +t°B,
Thus, at t=0 P(0) =B,
andatt=% 1.1 3 3 1
P=gBit 5B g Bt B,
and
1 1 3 3 1
P(o)==Q1 IJ+=[2 3|+=]4 3|+=[3 1
(=l 1+ 35l 3]+ 2B 1] .
=[11/4 5/2] '
Qctober 10,2017 Lr Prashant K Jain (JIITDRM]) 1691 (Qctober 10,201 L Prashant K. Jain (JITRMI)

ME601: CAGD, Curves-V




