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MID-Semester Examination
ME-601 CAGD : Solution

Duration: 120 Min. Maximum Marks: 60
All questions are compulsory.

1. Lamina ABCD with coordinates (4, 3), (3, 1), (8, 1) and (7, 4) respectively is first rotated
through 60° about the origin and then translated by (5, 4). In another sequence, the
lamina is first translated by (5, 4) and then rotated through 60° about the origin. Find
the final positions and orientations of given lamina for the two sequences of
transformations and show that lamina acquires different positions and orientations for

the two sequences of transformations. 10
Original Rotation then Translation Translation then Rotation
Point | X Y X Y X Y
A 4 3 4.4019 8.9641 -1.5622 11.2942
B 3 1 5.6340 7.0981 -0.3301 9.4282
C 8 1 8.1340 11.4282 2.1699 13.7583
D 7 4 5.0359 12.0622 -0.9282 14.3923
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2. Explain merits and demerits of parametric representation of curves compared to

implicit/explicit representation, you can give suitable examples. Explain use and need of
the homogeneous coordinate system. 10

Explain with sketches
i. Parametric equations completely separate the role of dependent and independent
variables
ii. Offers more degree of freedom for controlling the shape of curves and surfaces
iii. Transformations are easier to apply
iv. Advantage in representation of curve and surface segments
v. Advantage in handling infinite slope

vi. Advantage in calculation of points for display and tool path
Homogeneous Representation

e Rotation, scaling, shearing, reflection are in form of matrix multiplication, but the
translation takes the form of vector addition. This makes it inconvenient to
concatenate transformation involving translation. It is desirable to express all
geometric transformations in the form of matrix multiplication on representing points
by their homogeneous coordinates.

e Provides an effective way to unify the description of geometric transformations as
matrix multiplication.

eIn homogeneous coordinates, an n-dimensional space is mapped into (n+1)
dimensional space that is a point P(x,y,z) has homogeneous coordinates (x’,y’,z’,h)
where h is any scalar factor which is not equal to 0.

e A point in homogeneous coordinates (x, y, z, h), h=0, corresponds to the 3-D vertex
(x/h, y/h, z/h) in Cartesian coordinates.

e Homogeneous coordinates in 3D give rise to 4 dimensional position vector
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3. In case of axonometric projection derive the expression and find out the angle of

rotation with respect to two principal axes to keep foreshortening ratio equal in all

three directions. Also find out the foreshortening factor.

Isometric Projection

#® |sometric Projection is '3 special case of trimetric projection with all

, three foreshortening factors equal.

IsometricProjection is constructed by a rotation about y-axis through an
angle ¢ followed by a rotetion about w-axis through an angle & and
projectionon z= 0 plane.

Specific rotation angle can be obtained as:

ResultingTransformationis:T =R, R. P,

[7]

cosg 0 —=mg 01 O 0 o)1 00 0]
[.T]— 0 1 0 010 coz@ smé& 00 1 0 01
“|sing 0 cosd 0|0 —=zind cozd 0[/0 O 0 0|
6 o o 1jlo o o 1o o 0 1]
feosd  singsng 0 0]
{ cosd 00|
sing —cosfsné O 'G!
{ 0 0 0 1]
[September 13, 2017 Dr; Prashant K, Jau (ILITDOM)

Isometric Projection

Unit vectors on the =, v and z principal axes transform to

Cos singsmé& 0 0
1 0 0 ? ¥
i 0 cos& 0 0
leor<lo.a o 3| .= e
sin @ — Cos@sin
00 1 ¥ ¥
0] i) L4 A
cosg smgsmé& 0 1
I'lzl o cos& 0 1
sin g —cosgsiné 0 1
f.= Jx=:+l}',: = Jcn-f‘;ﬁ +sin® gsin*f (A
fi=fxi ey =Aeoss e
fi=dxi+yl=finjrcodgsing  ——(Cl

[s2pmember 15, 2017 Dv; Brashant K, Jain (1IITOM])
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Isometric Projection E]

Equatingequation A and B

2 - G ola 1
cos“g+smpsm & =cos" &

i = = i We know
l-sin“g+sin“gsin“ F=1-smn"8

cos ¢ =1—sin’¢

sinlgll—sin’8)=sinle cod f=1-sin?
Sml —5]:!1]3 ! ]
&= p D
1—sin’@ ;
Mow equate equation B and C: We know

cos ¢ =1-sin’§

cos’ @ =sin’ $+cos” gsin’ & 2
¢ . ¢ cos f=1-sin* &

1—sin’ 6=sin’ g~ (1—sin’ psin &
l—sin"G=sin’g+sin’6—sin’ gsin’ &
1-2sin® 6 = sin® @l —sin® 6)

1-2sin?8

S o e e s S e S (E}
¢ l—sm~ &
[5emtember 19, 2017 D Brashant & Jaw (1LITOM) 15
Isometric Projection | 7 |

Mow Equatingequation D and E
sin'@  1-2sin’é
1-sin’¢ 1-sn"6

Gives A |
5] S—A
Siﬂ5=:'y
3
6 =135.26°
Usingequation [t 1
i

sin’? g= 45"

=N
Ii
—
'_L‘
[
b3

Then usingequaticn B o lcos 8 =J‘%=U‘_8155

[september 19, 2017 D, Brashant K. Jain (TLITOM]) %
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Isometric Projection L4

The angle: projected x-axis makes with the horizontal is important for
manua! construction.

Transforming the unit vector along the x-axis
cosg smgsmé& 0 0
e i} cos & 0 0
[b‘r]=[1 3 | I
smg —cosgsmé& 0 0
0 0 0 i1
U |=lcosp singsing 0 1]
The angle between projected x-axis and the horizontal isthen
" singsing .
tmrx=£§-=¢—l=ismﬁ
3 5 cosg
Since sin @ = cos @ for @ = 45°, then ais
o = tan (£ sin 35 26) = =30°
[September 19, 2017 D Prashant K, Jair (THTOMI) 37

4. Discuss various properties and limitations of Bezier curves with suitable
example/sketch. 10

- -
L]

Properties of Bezier Curve |e

#* The basisfunctionsare real

* The degree of the polynomial defining the curve segment is one lessthanthe
number of defining polygon points

# The curve generally follows the shape of the defining pelyeon

# The firstand last points onthe curve are coincident with the firstand last
points of the defining ‘polyzon

* The tangent vectors at the ends of the curve havethe same direction as the
firstand last polygon spans, respectively

* The curve is contained with inthe conves hull ofthe defining polygoni.e.
withinthe largest convex polygon defined by the polyzonvertices. In Fig, the
convex hull is shown by the polygon and the dashed line.

#* The curve exhibits the variation diminishing property. Basically this means
that the curve does not oscillate about any straight line more often than the
defining polygon

* The curve is invariant underan affine transformation

[seosember 13, 2007 D Prashant K. Jain (TIITOM) 70
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5. Define a Bezier curve with four polygon vertices Bg[54 4], B.[6 64], B,[8 4 4] and

Bs[7 4 4], calculate five point on this curve at equal parametric interval and plot these

points on Bezier curve and control polygon. 10
6 . . . . . 5.0000 4.0000
58 i 5.8750 4.8438
5.6 _ 6.7500 4.7500
5.4 - 7.2500 4.2813
5.2 . 7.0000 4.0000
5 .
4.8 S~ -
4.6 .
4.4 -
42 .
4 1 1 1
5.5 6 7.5 8
6. Mathematically prove following with respect to Bezier curve: 10
a. First and last point of the Bezier curve is same as the first and last point of the
defining control polygon of the Bezier curve.
b. Tangent vector for a Bezier curve at the start and end point has the same
direction as the first and last polygon span.
c. Second derivative or curvature of Bezier curve at start and end point depends on

three nearest polygon points or two nearest polygon spans.

Bezier Curve E]

Mathematically a parametric Bezier curve is defined by

Rt P(t)— ft:{) B; Jn.: ()

where the Bezier or Bernstein basis or blending function is

Je 08} = () 01 — 0y

(ﬂ) m!
i/ iltn—0)!

T i W) isthe i-th nth order Bernstein basis functicn, heren is the degree

With

of the defining Bernstein basi= function.
Thus degree of the polynomial curve segment, is one léssthan the number

of peints inthe defining Bezier polygon.

Seprember 20, 2017 D Prashant K. Jau (THTOMI) BE
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For example, each of the four blending functions shown inFigure forn=3 is

g cubic. The maximum value of each blending function occcurs at t =i/h.

MRl

For example, for @ cubic n=3, The maximum valuesfori; ; and!s ;occurat

1/3 and 2/3, respectively, with values

I 1 4
tA o Ll &
31 3 g
J 2 4
22 3 9
i -
0 1
{dr}
[september 20, 2017 D Prashant K, Jain (TIITOM) ES
Examiningeqns. for the first pointon the curve i.e. at t=0 showsthat |" l|
n (031 —0)"-° :
Jrio () = nlln— 0! = Rl
- nl (0)i(1 — o)™t T
R} e P 0
Thus PR = By a0} =By

This shows that the first point on the Bezier curve and on its defining

polygon are coincident .

Similarhy for the last pointon the curve, ie.att=1

al (1)NO)" "

Jrﬂ"nfl"l:—n:{_lj = | i=n
0 o s D A :
R il
ThUS F{l’] == -En_lrﬂ.ﬂ {1] — Er]_

This shows that the last point on the Bezier curve and the lastpointonits
defining polygon are coincident.
[E2ptember 20, 2017 D Prashant K Jain (TITTDM) )
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Derivatives Bezier Curves |I 4 I

Although itis not nécessary to numerically specifythetangeént vectors at

" the ends of an individual Bezier curve, maintaining slope and curvature
continuity when joining Bezier curves, determining surface normal for
lighting or numerical control tool path calculations, or lacal curvature for
smoothness or fairness calculations requires a knowledge of both first
andsecond derivatives of a Bezier curve.

Recallingequation, the first derivative of 3 Bezier curve is

P(t) = ZioBi ) n1 (B)

Zecond derivative isgiven by

P"®) = > B (8)
i=0

[september 20, 2017 D Prashant K, Jain (TIITDM) 5L

Example on Derivatives | 7

Consider the four points Bezier polygon

T Pl = BoJa,o(t) + By J3, 1 (8} + BaJza(t) + ByJy 3(t)

Henge first derivative is

P(t) =BgJ'30(t) + By J'31 () + By J'32()+ BaJ'3: (1)

Second derivative is

P(t) =By "3, (1) + B J"'31 () + B335 (£) + BaJ"35 (%)

Differentiating the basis functions directly yields
Jan ) =t°(1 =83 = J'. () ==301-t)"=] () =6(1-1)
Jer® =3t1—5*= ], =30 - =61 =) =] ,, (£) ==6(2-3¢t)
Jaz @)=32(1-0— ', , ) =6t(1- 30>~ J,,(€) =6(1—3¢)
Jaa@® =1 =] (O =301 ],, ) =6t

[S2ntember 20, 2017 D, Brashant & Jain (T1ITOM]) 2
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Example on Derivatives 4

Evaluatingthe results at t=0 yields

PsolM==—3 | F. 00)=3, I's,0)=0, iI'35(0)=0
Substitutingyvields
Plri:ﬂ:] = —SPU + 3?1 == Sf_—Fﬂ + Pl.}

Thus the direction of the tangent vector at the beginning of the curve isthe

same as that of the first polygonspan

At the end of the curve, t=1 and

FagD =0, J'3,(1)=0, [3,0)==3, [33(1)=3
Substituting yields
FFE-].] = _EPE + 3P3 - 3{_P3 e o Faj
Thus, the direction of the tangent vector at the end of the curve iz the same

as that of the last polygonspan.

| September 20, 2017 D, Prashant K. Jair (TTTTOM) %

Example on Derivatives |4

Evaluating the results at t=0 yields

I”E_.U {ﬂ] e 61 "FHE.I (GJ = _121 IHEJE [:G.} = Er JHEJ 3 (ﬂj ==
substituting yields

2"{0)= 6By — 128y + 68, = B{En — 2By + Ei'z:l

Thus second derivative or curvature of Bezier curve at start pointdepends on three

neéarest polygon points or two nearest polygon spans.

At the end of the curve, t=1 and

g Q=0 ey =g e (i ==aa Faa (1=
Substituting yields
Thus second derivative or curvature of Bezier curve at end point depends on three

nearest polygon paints or two nearest polygon spans.

[ September 20, 2017 Dv Prashant K, Jain (T1ITOMI) 4
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